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                                      ABSTRACT  

We first consider the conversion of the integro-differential 

equation into an equivalent volterra integral equation of the 

second kind. We then proof that the general θ-method for 

the integral equation is equivalent to an iterative process 

and not dependent on θ. We then compared the behaviour 

of the solutions with the implicit Euler method use to 

approximate the derivative and Trapizium rule to 

approximate the integral. Finally, the numerical solution of 

the iterative scheme was used to test for long term 

behaviour and the results show that the dependency upon θ 

in the difference schemes completely vanished and hence, 

we have the same iterative process regardless of the value 

for θ. 
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1. INTRODUCTION 

Considering the integro- differential equation 

 . (1) 

Which has two important properties. Firstly, it represents wide class of 

problems that are frequently analyzed, having a fading exponential  
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memory separable convolution kernel. Secondly, the equation (1) contains 

only a single parameter λ and this makes its analysis simpler and enabled 

any researcher to produce analytical and numerical results on the changes 

in qualitative behaviour in the solutions [1]. 

Equation (1) has the virtue that it may be analyzed in the form of a linear 

second order ordinary differential equation. However, its stability and its 

sensitivity to small changes in the initial value depends on the full set of 

Possible solutions. For some types of equation, bifurcations arise only for 

systems or for higher order problems [2]. Similarly, see [2], the stable 

oscillations may be acquired or lost. Exponential growth may replace 

unstable oscillations which equation (1) proves to be an ideal subject for 

analysis. 

2. CONVERSION OF AN INTEGRO-DIFFERENTIAL EQUATION INTO 

AN EQUIVALENT VOLTERRA INTEGRAL EQUATION OF THE 

SECOND KIND. 

Consider (1), the integro-differential equation 

. 

Integrating both sides of the equation and following some methods used 

in [3], we have 

) 

 (4) 

 (6) 

(7) 
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(2) introduces the dummy variable τ into the equation using it for the base 

integrals on both sides of the equation (3) employs the change of variables 

τ = s and s = t so that it is possible to factor out  as a base 

integral inside the original integral similar to the techniques seen in [3],[4] 

sees us then evaluate the left hand side of the integral substituting in the 

boundary values 0 and t into the integration, while we have found the 

integral of  on the right hand side. 

At (5), we use the initial condition y(0) = 1 and take this over to the 

right hand side of the equation so that we can see the form of a volterra 

integral equation of the second kind appearing from our calculations, 

while  

Substituting in the boundary values τ and t into the integration on the right 

hand side of the equation. Finally, (6) and (7) see us rearrange the 

equation found into the form of a volterra integral equation of the second 

kind. 

Hence, the integro - differential equation (1) 

. 

Can be transformed into the equivalent Volterra integral equation of the 

second kind, 

  (8) 

3. A PROOF TO SHOW THAT THE GENERAL θ - METHOD APPLIED 

TO (8) IS EQUIVALENT TO AN ITERATIVE PROCESS AND NOT 

DEPENDENT ON θ 

. 

Given the integral equation (8), 

 

and applying the general θ− method gives, 
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! 

Let us begin by taking the θ− method for yn+2 and yn+1 which gives 

 

 

If we remove the n + 1
th 

term from the summation, we find, 

. 

Bringing the yn+1 terms to the left hand side of the equation gives: 

 

If we multiply (11) and e
−λh 

we are able to notice a similarity in the 

summations of the kernels between the product and (12) thus: 
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The similarity in the kernel such that we have e
−λh(n+2−j) 

means that if  

We subtract (13) from (12), we are able to yield the result.

 
 

Here we see that the right hand side of the equation can be expanded as 

each term is multiplied by 1 − e
−λh 

as follows: note the expansion of the 

final term of the summation multiplied by e
−λh

, this will be an important 

feature of the next step. 

 

 

 

! 

Now 

we  
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can use the substitutions,  

taken from (9) and (11) respectively. Substituting these results into (14) 

allows us to make the following steps. 

 

 

 

Hence, we have the result as follows: 

  (15) 

 

Thus (15) shows that the dependency upon θ in the difference scheme (9) 

has completely vanished and hence, as in [1], we have the same iterative 

process regardless of the value of θ. 

3.1. The Implicit Euler method to approximate the derivative and the 

Trapezium rule to approximate the integral. . 

Choosing θ = 0 and , we can use the explicit Euler method to 

approximate both the derivative and the integral as follows: 
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! 

Rearranging this difference equation to get yn+1 on the left hand side of the 

equation gives 

. 

If we use this iteration to find yn+2−e−
λh 

yn+1 we obtain the following result: 

 

4. COMPARING THE NUMERICAL SOLUTIONS OF (15) AND (16) 

. 

As in 3, it is possible to employ Matlab to plot the numerical solutions of 

(15) for different values of λ. We will assign λ,h and tmax to compare the 

long term behaviour of the solution. Even though (15) is completely 

independent of θ, y1 is not [4]. 

(15) is second order and thus yn+2 is dependent on yn+1 and yj. As we 

already have the value for y0 = y(0) = 1, we need to use (9) to calculate a 

value for y1, as y1 is dependent on θ, only then can we find a value for y2 

and begin the iterations to test for long term behaviour. As the integral 

part of (1) was approximated by the trapezium rule [3], we shall choose 

the value θ = 0.5 to calculate a value for y1. 

We also employed the numerical method for (15) to plot the numerical 

solution between t = 0 and t = tmax choosing values for λ and h. 
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Figure 1. Numerical solutions of equation (15) 
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Figure 2. Numerical solutions of equation (16) 
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5. DISCUSSIONS 

. 

The graph of 1(a) uses the values of λ = 7, h = 0.001 and tmax = 20 to 

allow comparison between the behaviour of the solutions. Figure (1a) 

shows us directly that behaviour of the numerical solution with λ = 7 and h 

= 0.001 is equivalent to that of the graph in [1]. This behaviour shows that 

there is decay with no oscillations, verifying the output predicted in 

research paper [1] and the actual solution. 

The graph of 1(b) uses the values of λ = 0.5, h = 0.001 and tmax = 25 to 

allow comparison between the behaviour of the solutions. Figure (1b) 

shows us directly that behaviour of the numerical solution with λ = 0.5 and 

h = 0.001 is equivalent to that of the graph in [1]. This behaviour 

demonstrated that there is decay with infinitely many oscillations of 

decreasing magnitude, verifying the output predicted in research paper [1] 

and the actual solution. 

The graph of 1(c) uses the values of λ = −5, h = 0.001 and tmax = 5 to 

allow comparison between the behaviour of the solutions. Figure (1c) 

shows us directly that behaviour of the numerical solution with λ = −5 and 

h = 0.001 is equivalent to that of the graph in [1]. This behaviour shows 

that the solution grows without any oscillations, verifying the output 

predicted in research paper [1] and the actual solution. 

Due to the multiplication of  against yn+1 in (15). it is impossible to test 

for the behaviour of the solution to (1) for λ = 0 when (15) is applied. 

Nevertheless, the numerical scheme for (15) proved in 4 portray the same 

behaviour as the original integro- differential equation (1) in the long term 

solutions. 

The graph of 2(a) uses the values of λ = 7, h = 0.001 and tmax = 20 

for the numerical solution whose behaviour shows that there is decay with 

no oscillations, verifying the output predicted in research paper [1] and the 

actual solution. 

The graph of 2(b) uses the values of λ = 0.5, h = 0.001 and tmax = 25 

for the numerical solution whose behaviour shows that there is decay with 

infinitely many oscillations of decreasing magnitude, verifying the output 

predicted in research paper [1] and the actual solution. 
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The graph of 2(c) uses the values of λ = −5, h = 0.001 and tmax = 5 for 

the numerical solution whose behaviour shows that the solution grows 

without any oscillations, verifying the output predicted in research paper 

[1] and the actual solution. 

The graph of 2(d) uses the values of λ = −1, h = 0.001 and tmax = 20 for 

the numerical solution whose behaviour shows that the solution grows 

with infinitely many oscillations of increasing magnitude, verifying the 

output predicted in research paper [1] and the actual solution. 

The graph of 2(e) uses the values of λ = 0, h = 0.001 and tmax = 400 for 

the numerical solution whose behaviour shows that for λ = 0, the actual 

solution depicts that the behaviour has a constant oscillations between 1 

and −1 over a period of 2π, i.e y(t) = cos(t). This is not the case for the 

numerical solution using (16). Choosing a small tmax, the qualitative 

behaviour of the numerical solution is similar to the behaviour of the 

actual solution, but as tmax increases, it gives us an insight into the long 

term behaviour of the numerical solution [4]. We then observed that the 

oscillations are infinite with decreasing magnitude, even though the 

qualitative behaviour of the numerical solution does not match the 

behaviour of the actual solution in the long term, which has verified that 

the behaviour predicted in the research paper [1] is the same as the 

behaviour observed in the graph of 2(e). 

Conclusion: 

The dependency upon θ in the difference scheme of (9) actually vanished 

and then gives the same iterative regardless of the value for θ also, the 

numerical scheme of (15) portray the same behaviour as the original 

integro - differential equation(1) in the long term solutions for any λ 6== 

0. This is not the case for the numerical solution using (16). Choosing a 

small tmax, the qualitative behaviour of the numerical solution is similar 

to the behaviour of the actual solution, but as tmax increases, it gives us an 

insight into the long term behaviour of the numerical solution [4]. 
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